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Astract 

We study the quantum electron transport in a one¬ 
dimensional interacting electron system, called Schmid 
model, reformulating the model in terms of the bosonic 
string theory on a disk. The particle-kink duality of the 
model is discussed in the absence of the external electric 
field and further extended to the model with a weak elec¬ 
tric field. Using the linear response theory, we evaluate 
the electric conductance both for both weak and strong 
periodic potentials in the zero temperature limit. The 
electric conductance is invariant under the particle-kink 
duality. 


I. INTRODUCTION 

In order to describe the dissipation quantum mechan¬ 
ically, Caldeira and Leggett [I, 2] introduced a bath or 
environment, which consists of an infinite number of har¬ 
monic oscillators, coupled to the system. The interac¬ 
tion with the bath produces a non-local effective inter¬ 
action. Later Schmid [3, 4] studied the dissipative sys¬ 
tem in the presence of a periodic potential. The one 
dimensional dissipative model with a periodic potential, 
called the Schmid model now, has been studied in con¬ 
junction with various interesting subjects such as Joseph- 
son junction arrays [5-7], the Kondo problem [8, 9], and 
the one-dimensional conductors [10]. Applications of the 
model includes also tunneling between Hall edge states 
[11], junctions of quantum wires [12] and the decay of the 
unstable D-brane in string theory [13-18, 20]. 

The Schmid model is found to exhibit non-trivial be¬ 
havior; a phase transition, which is unlike one dimen¬ 
sional quantum mechanical systems with local interac¬ 
tions only. Depending on the value of the friction con¬ 
stant, the phase diagram of the system divides into two 
phases; the localized phase and the delocalized one. In 
the delocalised phase, the periodic potential becomes an 
irrelevant operator and the electric conductance due to 
the particles can be easily calculated by the linear re¬ 
sponse theory. At the critical point, the non-local ef¬ 


fective action in one dimension is equivalent to a local 
action for a free fermion theory on a two dimensional 
disk and the periodic potential becomes a marginal mass 
operator on the boundary of the disk. The conductance 
of the model at the critical point is same as that of a 
free fermion theory. In the localized phase, the periodic 
potential becomes relevant and the particles are mostly 
localized at the minima of the periodic potential. Then 
kinks, which are soliton solutions to the equation of mo¬ 
tion, appear as new dynamical degrees of freedom. If the 
partition function is evaluated for the general configura¬ 
tion of multi-kinks, it turns out to take the same form as 
that of the Schmid model in the delocalized phase. This 
is the particle-kink duality, or the Schmid duality, which 
can be most efficiently represented by the string theory 
formulation of the model. 

The electric transport in the localized phase has been 
discussed in the literature ref. [21], in the context of 
the spin-dependent Tomonaga-Luttinger model with a 
barrier potential, which is a generalized version of the 
Schmid model. However, the analysis was focused only 
on the electron transport due to the tunneling from a po¬ 
tential minimum to an adjacent minimum. But the tun¬ 
neling currents and the conductances are dependent upon 
the cutoff parameter and suppressed in the low energy 
(temperature) limit. We should note that the dynamical 
degrees of freedom in the localized are not electrons but 
the kinks or the array of multi-kinks. 

Reformulating the Schmid model in the framework of 
string theory [22, 23], we evaluate the partition function 
in the presence of a spatially uniform, weak electric field. 
The particle-kink duality is extended to the model with 
a weak electric field and the electric conductance in the 
localized phase is calculated by using the linear response 
theory. The electron transport by the array of multi¬ 
kinks, represented by a dual field, may dominate over 
the transport due to the electron tunneling in the low 
energy limit. 

II. PARTICLE-KINK DUALITY OF THE 
SCHMID MODEL 

The dissipative system, describing quantum particles 
moving in one dimension in the presence of a periodic 
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potential is called the Schmid model. Its quantum me¬ 
chanical action is given as follows 
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The hrst term is responsible for the dissipation, and the 
second term is the usual kinetic term for a particle with 
mass M. Here rj is the frictional constant which measures 
the strength of the coupling the bath and the quantum 
particle. The third term denotes the periodic potential. 
To produce the dissipative force in the classical limit, 
Caldeira and Leggett introduced a bath or environment 
which consists of an infinite number of harmonic oscilla¬ 
tors which can be properly quantized. Assuming that the 
interaction between the bath and the system is linear and 
imposing the Ohmic condition for the spectral function 
of the oscillator frequencies, they found that the effec¬ 
tive friction term could be generated in the equation of 
motion. In the quantum theory if we integrate out the 
degrees of freedom of the bath, we obtain the non-local 
dissipative interation term in Eq.(l) The period of time 
is chosen to be Pt, and /3 t —>■ oo in the zero tempera¬ 
ture limit. Since we are only interested in the long-time, 
low energy behavior of the system, we may ignore the 
kinetic term, which only plays a role of regulator in the 
long-time analysis. 

We can map the Schmid model to the string theory on 
a disk by identifying the time as the boundary parameter 
a in string theory and scaling the field variable X as 
follows: t = X ^ -^X. Dropping the kinetic 

term, we have the string theory action for the Schmid 
model 

S = -- f drdaldr + id„)X(dr — idcr)X 

47ra' j 



Here, the physical parameter of the two theories are iden¬ 
tified as (^) = ■ When a' = 1, this action 

conicides with the action of the rolling tachyon which 
depicts the decay of unstable D-branes in string theory. 

If a' > I, the periodic potential is an irrelevant op¬ 
erator, which can be treated as a perturbation and dy¬ 
namical degrees of freedom are particles. If a' < 1, the 
periodic potential term becomes a relevant operator. In 
the low energy regime the boundary potential dominates 
over the bulk string action and the quantum particle is 
localized at the minina of the periodic potential. The 
physical degrees of freedom are kinks, which correspond 
to the tunneling of the quantum particles between ad¬ 
jacent minima of the periodic potential. (We also as¬ 
sume that V/M ^ I.) The kink is a solution to the 
equation of motion derived from the boundary action: 


Ar*'(o') = 2 arccos 1^—tanh crjj. For the multi¬ 
kink solution we may take X{a) = Ym=i — cri) 

where = I (kink) or —1 (anti-kink). 

If the kinks are the principal physical degrees of free¬ 
dom, we may rewrite the partition function as 



where a = Ija' and j/o = exp 


-sVmv 


is the instanton 


fugacity, or the tunneling matrix element between the 
adjacent minina. Here we make use of an apporximation 
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which is valid in the limit where V/M ^ 1. Finally, 
introducing a dual field, X, 

= E (5) 


we may cast this partition function into the familiar form 
of the string theory 
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D[X] \{da, 

» {eH 3 = 1 
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where V = yo = Thus, we find that if we 

rewrite the partition function in terms of a dual field in 
order to take the kinks as the physical degrees of free¬ 
dom, the corresponding action takes the same form as 
the string theory action for the Schmid model Fq.(2) but 
with some changes of parameters 


ck —y —, 
a 


V —>■ exp 


-sVmv 


( 7 ) 


This is called the Schmid duality. The region, a > I 
is mapped onto the region a < 1 and vice versa. The 
critical point, a = 1 is self-dual under the Schmid duality. 
The dual transformation provides a framework for the 
perturbation theory defined in terms of the dual field in 
the region a > 1. 
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III. ELECTRON TRANSPORTATION 

To study the electron transportation we consider a spa¬ 
tially uniform external electric field E{t) = —dA/dt with 
monochromatic frequency dependence E = iujA. The in- 
teration with the external electric field is described by 
the usual minimal coupling action 

c/3t/2 ^/3t/2 

Se= JAdt=— XEdt (8) 

JpT/’i 27r 

where is the electric current. We calculate 

the electric current (J) induced by the interation with 
the external electric field. The electric conductance is 
defined as (J) = acondE . Note that since the Schmid 
model contains the non-local dissipative term, we cannot 
directly apply the conventional Kubo formula to evaluate 
the conductance. Here we employ the string theory for¬ 
mulation to evaluate the induced current and calculate 
the electric conductance using the linear response theory. 

Electric Conductance in the Delocalized Phase 

We evaluate the conductance in the delocalized phase 
where a < 1. Since in this phase the periodic potential 
becomes an irrelevant operator, we may ignore it in the 
zero temperature limit. Thus, we may adopt the free 
string action on a disk to calculate (J) 

/ dt{X{0)X{t))E=oe-^‘^*E 

= / dt{X{0)Xit))E=oe-^^*E.{9) 

iTT^riuj J 

To calculate the electric conductance in the low en¬ 
ergy limit, we take uj —>■ 0-I-. The correlation func¬ 
tion {dtX{0)dtX(t)) can be calculated by using the 
string theory formulation. Since a = 2711 /i3t, and 
{d„X{0)daX{a)) = 1/ (2Q;sin^ (§))’ 

1 

(J) = -r-E, (Jcond = --r- (10) 

ah ah 

The electric conductance in the delocalized phase ob¬ 
tained by the string theory formulation agrees with those 
of previous works [21, 24, 25]. The renormalization group 
flow of V can be obtained by mapping the Schmid model 
to the Thirring model [19, 20] 


at the minima of the periodic potential. The dynamical 
degrees of freedom of the system are no longer particles 
but kinks. We must re-evaluate the partition function 
in the presence of the week electric field in this localized 
phase, taking into account the interaction term with the 
external electric field, Se- The partition function reads 
as 


Z = /nlXle-^-^-. S, = ±/§AdL ( 12 ) 


For the multi-kinks configurations ^(c) = 

— (Ji), the partition function is writ¬ 
ten as for the weak electric field 



Here we choose the external electric field with a 
monochromatic frequency dependence as E(a) = 
Epe~^P'^ with a positive integer p. It is equivalent to 
choosing 

E(t) = EpC-^^A^ = 2ttp/Pt 0-h (14) 


in the zero temperature limit. Introducing the dual field 
X as before, X{a) = Yl,m , we get the dual 

partition function in the presence of the presence of weak 
electric field 



It can be recast into the partition function of a string 
theory with the periodic boundary interaction 


V^=K) 



( 11 ) ^ 
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D[X] exp 
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Since we are only concerned the conductance in the 
low energy limit, we do not take into account the 
contribution of the periodic potential to the mobility, 
which is negligible in the low enegy limit. 

Electric Conductance in the Localized Phase 

In the off-critical region where a > 1, the periodic poten¬ 
tial become strong and the particles are mostly localized 


e 

27rQ; 


daXE 


V 

J 




In the string theory formulation of the partition function, 
we see that the coupling of the dual field, which collec¬ 
tively represents the dynamical degrees of freedom in the 
localized phase, to the external weak electric field is e/a. 
By examining the partition function in the presence of a 
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weak electric field, we find that the particle-kink duality 
is extended as 


a 


a 


V —>■ exp 


-S'/MV 


(17) 


Thus, the strong potential region a > 1 with with an 
electric charge e is mapped onto the weak potential re¬ 
gion a < 1 with an electric charge e/a. Since we have the 
partition function for the dual field X, the calculation of 
the electric conductance in the dual theory is straight¬ 
forward: Following the same steps of the linear response 
theory for the evaluation of the electric conductance in 
the delocalized phase Eqs.(9,10), Jouai = 2 ^^’ 


" ia) lh^~ah^- 


(18) 


Thus, the conductance in the zero temperature limit is 
formally invariant under the dual transformation. 


IV. CONCLUSIONS 

The Schmid model, one dimensional interacting elec¬ 
tron system with a periodic potential, has been studied 
for decades in connection with various phenomena in con¬ 
densed matter physics. However, it has been discussed 
mostly in the framework of the perturbative Coulomb gas 
expansion. Here we discuss the model as a string the¬ 
ory on a disk with a boundary periodic potential. The 


particle-kink duality is more succintly presented and the 
electric conductance in the low temperature limit is con¬ 
veniently evaluated. The particle-kink duality has been 
studied only in the absence of the external electric field 
in the previous works. However, in order to examine the 
electric properties of the model in the localized phase 
where the periodic potential becomes strong, it is neces¬ 
sary to extend the particle-kink duality in the presence 
of the external electric field. The string formulation of 
the Schmid model proves useful. We extend the duality 
in this paper by evaluating the partition function in the 
presence of the weak electric field. As a result we find 
that the coupling of the dual field X to the electric field is 
a fraction of particle charge and the electric conductance 
is formally invariant under the duality. In the localized 
phase the particles are localized near the minima of the 
periodic potential. But a new dynamical degree of free¬ 
dom emerges, which is depicted by the dual field X. By 
using the linear response theory and the sring theory for¬ 
mulation, we show that the dual field carries a fractional 
charge a > 1 and it conducts the electric current. In 

the delocalized phase the conductance is larger and less 

2 

in the localized phase than that of a free fermion, ^. Im¬ 
mediate extensions of this work may be found in various 
subjects in condensed matter physics and string theory, 
which include the spin-dependent Tomonaga-Luttinger 
model with a scattering potential [21] and the quantum 
dissipative Hofstadter system [26]. 
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